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Abstract. In this paper we study the ideal amenability of Banach algebras. Let A be
a Banach algebra and let I be a closed two-sided ideal in A , A is I-weakly amenable if
H1(A , I∗) = {0}. Further, A is ideally amenable if A is I-weakly amenable for every
closed two-sided ideal I in A . We know that a continuous homomorphic image of an
amenable Banach algebra is again amenable. We show that for ideal amenability the
homomorphism property for suitable direct summands is true similar to weak amenabil-
ity and we apply this result for ideal amenability of Banach algebras on locally compact
groups.
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1. Introduction
Let A be a Banach algebra, then A is amenable if H1(A,X∗) = {0} for each Banach
A-module X ; this definition was introduced by Johnson in [8]. The Banach algebra A
is weakly amenable if H1(A,A∗) = {0}; this definition generalizes that introduced by
Bade, Curtis and Dales [2]. Let A be a Banach algebra and let I be a closed two-sided
ideal in A , A is I-weakly amenable if H1(A , I∗) = {0}. A is n-I-weakly amenable if
H1(A , I(n)) = {0}.
Further, A is ideally amenable if A is I-weakly amenable for every closed two-sided
ideal I in A . This definition was introduced by Eshaghi Gordji and Yazdanpanah in
[5]. In this paper we study the ideal amenability of group algebras for a locally compact
group.
For example, it was shown in [8] that the group algebra L1(G) is amenable if and only
if G is an amenable group, and in [9] that L1(G) is weakly amenable for each locally
compact group G. We know that there exists a weakly amenable Banach algebra which
is not ideally amenable, also every C∗-algebra is ideally amenable [5]. We can not prove
that for which locally compact group G, L1(G) is ideally amenable.
Let A be a Banach algebra. The subspace X of A∗ is left introverted if X∗ ·X ⊆ X and
X∗ by the following product is a Banach algebra [1]:
〈mn, f 〉= 〈m,n · f 〉 (m,n ∈ X∗, f ∈ X)
As in [11] we have the following theorems.
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Theorem 1.1. Let A be a Banach algebra and Y ⊆ X two left introverted subspaces of
A∗. Then
Y⊥ = {m ∈ X∗: 〈m, f 〉 = 0 for every f ∈ Y}
is a weak∗ closed ideal of X∗, also for each n ∈ X∗ and m ∈ Y⊥ we have nm = 0.
In this paper we consider G to be a locally compact (topological) group.
Theorem 1.2. Let X be a left introverted subspace of L∞(G) such that C0(G) ⊆ X ⊆
CB(G). Then there is an isometric algebraic isomorphism τ: M(G) −→ X∗ and an iso-
metric direct sum decomposition X∗ = τ(M(G))⊕C0(G)⊥ where C0(G)⊥ is a W ∗-closed
ideal of X∗ and X∗C0(G)⊥ = {0}.
Theorem 1.3. Let N be a compact normal subgroup of a locally compact group G, and
let XN = { f ∈C0(G): lhg = f f or h ∈ N}.
Let P: C0(G)−→ XN be the following linear map:
(P f )(x) =
∫
N
f (xh)dh,
then P∗: (XN)∗ −→ M(G) is an isometric isomorphism into M(G) and there is the direct
sum decomposition M(G) = P∗(XN)∗⊕X⊥N where P∗(XN)∗ is a closed subalgebra and
X⊥N is a weak∗ closed ideal of M(G) contained in right annihilators of M(G).
Let G be a locally compact group and f ∈CB(G), then the right orbit of f is given by
R◦ ( f ) = {rx f : x ∈ G} and let
AP(G) = { f ∈CB(G): R◦ ( f ) is precompact in the norm topology},
W (G) = { f ∈CB(G): R◦ ( f ) is precompact in the weak topology}.
Theorem 1.4. There is a natural projection Q: W (G) −→ AP(G) in which Q∗:
AP(G)∗ −→ W (G)∗ is an isometry and W (G)∗ = Q∗(AP(G)∗) ⊕ AP(G)⊥ where
Q∗(AP(G)∗) is a unital closed subalgebra; and AP(G)⊥ is a weak∗ closed ideal of
W ∗(G), and AP(G)⊥ is contained in the right annihilators of W (G)∗.
Theorem 1.5. Let G be amenable, and let A 6= {0} be a weak∗ closed self-adjoint transla-
tion invariant subalgebra of L∞(G). Then there exists a norm one projection P: L∞(G)−→
A which L∞(G)∗ = P∗(A∗)⊕A⊥ where A⊥ is a weak∗ closed ideal of L∞(G) and P∗(A∗)
is a unital closed subalgebra of L∞(G)∗ and A⊥ is contained in the right annihilators of
L∞(G)∗.
As in [4] for a left introverted subspace X of PMp such that PFp ⊂ X ⊂UCp we have
as follows:
Theorem 1.6. There exists isometric algebra homomorphism v: Wp →X∗, such that X∗=
v(Wp)⊕PF⊥p .
2. Ideal amenability
The concept of ideal amenability was introduced by Eshaghi Gordji and Yazdanpanah
[5]. It is well-known that every C ∗-algebra is ideally amenable. A commutative Banach
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algebra is ideally amenable if and only if it is weakly amenable. Then ideal amenability is
different from amenability. Let A be a non-unital non-weakly amenable Banach algebra.
Then there exists non-inner derivation D: A →A ∗. Let A # be the unitization of A , then
we define D1: A # → A ∗ with D1(a+α) = D(a), (a ∈ A ,α ∈ C). D1 is a derivation.
Since D is not inner, D1 is not inner. A is a closed two-sided ideal of A #, therefore
A
# is not ideally amenable. On the other hand, we know that there exists a non-weakly
amenable Banach algebra A such that A # is weakly amenable (see [10]). Thus A # is an
example of weakly amenable Banach algebra which is not ideally amenable.
Suppose that A is a Banach algebra and let X be A -bimodule. Let XA = { f a: f ∈ X ,
a∈A } and A X = {a f : a∈A , f ∈ X}. The space X is said to be factors on the left (resp.
right) if X = XA (resp. X = A X), and X is neo-unital if X is a factor on both the left and
the right. From Theorem 2.3 of [7], we have the following.
Theorem 2.1. Let A be a Banach algebra with bounded approximate identity and let I
be a codimension 1 closed two-sided ideal of A . Then H1(A ,X∗)∼=H1(I ,X∗) for every
neo-unital Banach A bimodule X.
COROLLARY 2.2.
Let G be a discrete group, and let I0 be a codimension 1 closed two-sided ideal of l1(G).
Then l1(G) is I0-weakly amenable.
Proof. Since l1(G) is unital then I0 is neo-unital l1(G)-bimodule. On the other hand, I0
is weakly amenable (Prop. 4.2 of [7]). Then by the above theorem l1(G) is I0-weakly
amenable.
Let X , Y and Z be normed spaces and let f : X ×Y −→ Z be a continuous bilinear map,
then f ∗: Z∗×X −→ Y ∗ (the transpose of f ) is defined by
〈 f ∗(z∗,x),y〉= 〈z∗, f (x,y)〉 (z∗ ∈ Z∗,x ∈ X ,y ∈Y )
( f ∗ is a continuous bilinear map). Clearly, for each x ∈ X , the mapping z∗ 7−→
f ∗(z∗,x): Z∗ −→Y ∗ is weak∗–weak∗ continuous. Let f ∗∗ = ( f ∗)∗ and f ∗∗∗ = ( f ∗∗)∗, then
f ∗∗∗: X∗∗×Y ∗∗ −→ Z∗∗ is the unique extension of f such that f ∗∗∗(·,y∗∗): X∗∗ −→ Z∗∗
is weak∗–weak∗ continuous. Also f ∗∗∗(x, ·): Y ∗∗ −→ Z∗∗ is weak∗–weak∗ continuous for
every x ∈ X . Let f r: Y ×X −→ Z be defined by f r(y,x) = f (x,y), (x ∈ X , y ∈ Y ). Then
f r is a continuous linear mapping from Y ×X to Z. The map f is Arens regular whenever
f ∗∗∗ = f r∗∗∗r. This is equivalent to the condition that the map f ∗∗∗(x∗∗, ·): Y ∗∗ −→ Z∗∗
be weak∗–weak∗ continuous for every x∗∗ ∈ X∗∗. Let I be a closed two-sided ideal of A
and pil: A × I −→ I and pir: I×A −→ I are the right and left module actions of A on I
respectively. Then I∗∗ is a A ∗∗-bimodule with module actions pi∗∗∗l : A ∗∗× I∗∗ −→ I∗∗
and pi∗∗∗r : I∗∗×A ∗∗ −→ I∗∗. pil is Arens regular if and only if a′′ is fixed in A ∗∗. The
mapping i′′ 7−→ pi∗∗∗l (i′′,a′′): I∗∗ −→ I∗∗ is weak
∗
–weak∗ continuous and pir is Arens
regular if and only if i′′ is fixed in I∗∗. The mapping a′′ 7−→ pi∗∗∗r (a′′, i′′): A ∗∗ −→ I∗∗ is
weak∗–weak∗ continuous. We now prove the following lemma.
Lemma 2.3. Let A be a Banach algebra with bounded approximate identity and let I be
a closed two-sided ideal of A . The the following assertions hold.
(i) If pir: I×A −→ I be Arens regular, then I∗ factors on the right.
(ii) If pil: A × I −→ I be Arens regular, then I∗ factors on the left.
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Proof. Let (eα) be a bounded approximate identity for A with cluster point E . Suppose
that pir be Arens regular and let i′′ ∈ I∗∗ be the cluster point of (iβ ) ((iβ ) is a net in I).
Then we have
i′′ = limβ limα iβ
= limβ limα iβ eα
= lim
α
limβ iβ eα
= lim
α
i′′eα = i′′E.
Then for i′ ∈ I∗ we have
lim
α
〈eα i′, i′′〉= lim
α
〈i′, i′′eα〉
= 〈i′, i′′E〉
= 〈i′, i′′〉.
Thus eα i′ → i′ weakly. Since eα i′ ∈ A I∗ for every α , by the Cohen–Hewit factorization
theorem we know that A I∗ is closed in I∗, then i′ ∈A I∗. Thus the proof of (i) is complete.
For (ii), let i′′ ∈ I∗∗ be the cluster point of (iβ ). For each β we know that Eiβ = iβ since pil
is Arens regular, then eα i′′ → Ei′′ = i′′ by weak∗ topology of I∗∗. Then for every i′ ∈ I∗,
lim
α
〈i′eα , i′′〉= lim
α
〈i′,eα i′′〉
= 〈i′,Ei′′〉
= 〈i′, i′′〉.
Therefore i′eα → i′ weakly. Again by the Cohen–Hewit factorization theorem we con-
clude that I∗ factors on the left.
COROLLARY 2.4.
Let A be a Banach algebra with bounded approximate identity and let I be a codimension
1 closed two-sided ideal of A . If the module actions of A on I are Arens regular, then A
is 2-I-weakly amenable if and only if I is 2-weakly amenable.
3. Ideal amenability and direct sum decompositions
We prove an elementary lemma about derivations and homomorphic images and apply
this to ideal amenability for various algebras defined over locally compact groups.
Lemma 3.1. Let A be a right unital Banach algebra and A = B⊕ I for closed unital sub-
algebra B and closed two-sided ideal I in A where I is contained in the set of right anni-
hilators of A. Then we have the following:
(i) for every closed two-sided ideal J in B, J⊕ I is a closed two-sided ideal in A,
(ii) if A is ideally amenable, then B is ideally amenable.
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Proof.
(i) First we show that J⊕I is a two-sided ideal in A. Let a= b+ i∈A and x= j+ i′ ∈ J⊕I
since AI = {0}, then we have
Ax = (b+ i)( j+ i′) = b j+ i j ∈ J⊕ I,
xa = ( j+ i′)(b+ i) = jb+ i′b ∈ J⊕ I.
Let e be a right unit element in A, then there exists b1 ∈ B and i1 ∈ I such that
e = b1 + i1. Then e = e2 = e(b1 + i1) = eb1 and b1 is a right unit element for
A. But B is unital, and so b1 = 1B. Let ‖1B‖ = M and j + i ∈ J + I, then we
have
‖ j+ i‖ ≥ M−1‖1B( j+ i)‖= M−1‖ j‖.
Then the natural map J −→ J+II is bicontinuous, therefore (J+ I)/I is complete. J is
closed in A/I, and J+ I is closed in A.
(ii) Let J be a closed ideal in B and D: B −→ J∗ be a derivation and pi : B⊕ I −→ B be
the natural embedding. pi is a homomorphism and so is pi |J⊕I . We show that ¯D =
(pi |J⊕I)∗ ◦D◦pi : A −→ (J⊕ I)∗ is a derivation. For x,y ∈ A and z ∈ J⊕ I, we have
〈(pi |J⊕I)
∗ ◦D◦pi(xy),z〉= 〈D(pi(x)pi(y)),pi(z)〉
= 〈D(pi(x)) ·pi(y)+pi(x) ·D(pi(y)),pi(z)〉,
but
〈D(pi(x)) ·pi(y),pi(z)〉= 〈D(pi(x)),pi(y)pi(z)〉
= 〈D(pi(x)),pi(yz)〉
= 〈 ¯D(x),yz〉
= 〈 ¯D(x) · y,z〉.
Similarly,
〈pi(x) ·D(pi(y)),pi(z)〉= 〈x · ¯D(y),z〉,
then ¯D(xy) = x · ¯D(y)+ ¯D(x) ·y and ¯D is a derivation. A is ideally amenable and by (i),
J⊕ I is a closed two-sided ideal in A. Then there exists ξ ∈ (J⊕ I)∗ such that ¯D = δξ ,
and let η = ξ |J, then for b ∈ B and j ∈ J we have
〈Db, j〉= 〈D(pi(b)),pi( j)〉
= 〈 ¯Db, j〉
= 〈bξ − ξ ·b, j〉
= 〈ξ , j ·b〉− 〈ξ ,b · j〉
= 〈b ·η −η ·b, j〉
= δη (b)( j).
Therefore D = δη and B is ideally amenable.
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COROLLARY 3.2.
Let A be a dual Banach algebra with bounded approximate identity and let A ∗∗ be the
second dual of A with the first Arens product. If A ∗∗ be ideally amenable then A is
ideally amenable.
Proof. Let A∗ be the pre-dual of A . Then it is easy to see that A ∗∗ = A ⊕ (A∗)⊥ (see,
for example, [3] or [6]). On the other hand A has bounded approximate identity, then
A
∗∗ has right identity. By lemma the ideal amenability of A ∗∗ implies that A is also
ideally amenable.
We know that M(G) is a dual Banach algebra (with pre-dual C0(G)). Thus by Coro-
llary 3.2, M(G) is ideally amenable whenever M(G)∗∗ is ideally amenable.
COROLLARY 3.3.
Let X be a left introverted subspace of L∞(G), such that C0(G) ⊆ X ⊆ CB(G), if X∗ be
ideally amenable, then M(G) and L1(G) are ideally amenable.
Proof. By applying Lemma 2.1 and Theorem 1.2, ideal amenability of X∗ implies that
M(G) is ideally amenable, and by [5] we know that if M(G) is ideally amenable, then
L1(G) is also ideally amenable.
COROLLARY 3.4.
Let N be a compact normal subgroup of a locally compact group G, and XN and P are as
in Theorem 1.3. Then ideal amenability of M(G) implies that P∗(XN)∗ is ideally amenable.
COROLLARY 3.5.
In Theorem 1.4, if W (G)∗ be ideally amenable, then Q∗(AP(G)∗) is ideally amenable.
COROLLARY 3.6.
In Theorem 1.5, if L∞(G)∗ be ideally amenable, then P∗(A∗) is ideally amenable.
Let E be a right identity of L1(G)∗∗ with E ≥ 0 and ‖E‖= 1, then we have the isomor-
phism EL1(G)∗∗ ≃ LUC(G)∗ and we have the decomposition
L1(G)∗∗ = EL1(G)∗∗⊕ (I−E)L1(G)∗∗
= LUC(G)∗⊕ (I−E)L1(G)∗∗,
where (I−E)L1(G)∗∗ is continued in the right annihilators of L1(G)∗∗. So we have the
decomposition LUC(G)∗ = M(G)⊕C0(G)⊥ where C0(G)⊥ is a closed ideal in LUC(G)∗
and contained in the right annihilators of LUC(G)∗ (see, for example, [11]). Therefore the
following proposition follows easily from Theorem 2.1.
PROPOSITION 3.7.
(i) Suppose that L1(G)∗∗ is ideally amenable, then LUC(G)∗ is ideally amenable.
(ii) Suppose LUC(G)∗ is ideally amenable, then M(G) is ideally amenable.
(iii) Suppose M(G) is ideally amenable, then L1(G) is ideally amenable.
By Theorem 1.6 we have as follows.
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PROPOSITION 3.8.
Let X be a left introverted subspace of PMp, such that PMp ⊆ X ⊆UCp, if X∗ be ideally
amenable, then Wp is ideally amenable.
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